n are given by the n×n sub-determinants of the matrix (∂ 2 u/∂z i ∂z j ). The top exterior power corresponds to n = dim, and in this case we have the determinant of the full matrix, which gives the complex Monge-Ampère operator. The extension of the (nonlinear) operator (dd c ) n to non-smooth functions has been studied by several authors (see, for instance, [B2] ). Here it will suffice to define (dd c ) n on psh functions which are continuous. For an open set E ⊂ C dim , the set of psh functions on E forms a cone which is closed under the operations of addition and of taking finite maxima. The relation between (dd c ) n and the additive structure is given by the formula (dd c (u 1 + u 2 )) n = n 1 +n 2 =n n! n 1 !n 2 ! (dd c u 1 ) n 1 ∧ (dd c u 2 ) n 2 , which holds in both the classical and generalized sense. Here we make the connection between (dd c ) n and the operation of taking a finite maximum. A few examples of this are known already: if u = max(0, log(
k is a multiple of surface measure on {x 1 = · · · = x k = 0}. The case (dd c max(u 1 , u 2 , u 3 )) 2 , u j 's pluri-harmonic, is given in [M] . A different sort of formula for (dd c max(u 1 , u 2 )) k is given in [B1] .
More generally, let the functions u 1 , . . . , u m be smooth, and let u := max(u 1 , . . . , u m ) be their maximum. It follows that dd c u j and dd c u are locally bounded below, and for the purpose of defining (dd c ) n , u j and u may be treated as psh functions. Taking the maximum stratifies E as follows: for each J ⊂ {1, . . . , m} there is
The sets E J form a partition of E, and as J increases, the subsequent E J 's lie inside the "boundaries" of the previous ones. Since (dd c u) n is representable by integration, we may decompose it into a sum over the elements of the partition: The first terms in (1) are easy to identify: E j is open, and thus (dd c u)
For the rest of the terms, we use the following notation: we write J = {j 1 , . . . , j ℓ }, j 1 < · · · < j ℓ , so |J| = ℓ is the number of elements, and we define the forms
If E J is smooth, we let [E J ] denote the current of integration over E J , where we orient
is positive (see Lemma 1). In this paper we identify the terms of the summation (1) as integrations on the strata E J : 
where the sum is taken over all J ⊂ {1, . . . , m} with 1 ≤ |J| ≤ n + 1.
A function that arises frequently is v = log(
n may be determined on {v > −∞} using the fact that dd c log(
Such functions and their maxima arise naturally with generalized polyhedra. For 1 ≤ α ≤ A, let p α,1 , . . . , p α,N α be polynomials, and let deg α = max 1≤i≤N α (deg(p α,i )) be the maximum of the degrees. Define
A useful fact is: (dd c (max(u α 1 , . . . , u α ℓ )) N = 0 on the set where the maximum is finite, whenever N ≥ N α 1 + · · · + N α ℓ . This may be seen because (⋆) involves sums of terms of the form (dd c u a 1 )
Theorem 2. Let us set u := max(0, u 1 , . . . , u A ). Suppose that u ≥ log + |z| − C and that for every J such that E J − K = ∅ we have j∈J N j ≤ dim. Then u is the psh Green function for K; and if the sets E J are smooth at points of K, then the equilibrium measure
given by the formula (⋆).
Proof. We will show first that u is the psh Green function of K. It is evident that u is continuous and bounded above by log + |z| + C. Since we also have the lower bound log + |z| − C, it will suffice to show that (dd c u) dim vanishes on the complement of K.
Suppose that E J − K contains a point z 0 . Then u = max j∈J u j in a neighborhood of z 0 . Replacing u by u ǫ := max(ǫ 0 , u 1 + ǫ 1 , . . . , u A + ǫ A ) for small ǫ j 's we may assume that E ǫ J = E J (ǫ 0 , u 1 + ǫ 1 , . . . , u A + ǫ A ) is smooth near z 0 . We evaluate (dd c u) dim . By the useful fact above, near z 0 we have (dd n by induction on n (cf. [BT] ). Specifically, since (dd c u) n is positive, then it is represented by integration. It follows that u(dd c u) n is a well-defined current, and we set (dd c u)
, or in other words, its action on a test form ϕ is given by
This definition gives a continuous extension of (dd c ) n to the continuous, psh functions. Let M ⊂ C dim be a smooth submanifold of locally finite volume. If M has codimension k, then we may orient M by choosing a simple k-form ν of unit length which annihilates the tangent space to M . We may define the current of integration [M ] , which acts on a test form ϕ according to the formula
where * is the Hodge * -operator taking volume form to a scalar function, and dS M the euclidean surface measure on M . Given a k-tuple (ρ 1 , . . . , ρ k ) of defining functions, we define an orientation as follows. C dim has a canonical orientation induced by its complex structure. We orient M 1 = {ρ 1 = 0} as the boundary of {ρ 1 < 0} ⊂ C dim . Thus ν 1 = dρ 1 . We orient M 2 = {ρ 1 = ρ 2 = 0} as the boundary of {ρ 2 < 0} ∩ M 2 inside M 1 . Thus ν 2 = dρ 1 ∧ dρ 2 . Continuing this way, we orient M using ν = dρ 1 ∧ · · · ∧ dρ k .
A (p, p) current T is said to be positive if T, iα 1 ∧ᾱ 1 ∧· · ·∧iα p ∧ᾱ p ≥ 0 for all smooth test forms α j of type (1,0). Here we choose to orient E J so that δ where dS is the euclidean surface measure on E J . Now since dρ = ∂ρ +∂ρ and d c ρ = i(∂ρ − ∂ρ) we see that
, where E ′J denotes the manifold EJ with the induced boundary orientation on ∂E J . Thus we need to compare the orientations of E ′J and EJ . As in the discussion before Lemma 1, the orientations of E J and E ′J are given by the defining functions (u j 2 − u j 1 , . . . , u j ℓ − u j ℓ−1 ) and (u j 2 − u j 1 , . . . , u j ℓ −u j ℓ−1 , ρ), respectively, where we may take ρ to be either u s −u j k+1 or u s −u j k . By Lemma 1, the orientation of E J is given by
where
Thus the orientation of E ′J is given by the form
By Lemma 1 again, the orientation of EJ is given by the form
Since the degree of B is ℓ − (k + 1), we find that ν ′J = (−1) k νJ , which completes the proof.
where the second sum is a consequence of Lemmas 4 and 2(3) applied to 
